Abstract. An analogue for composite moduli m ≥ 2 of the Wilson quotient is studied. Various congruences are derived, and the question of when these quotients are divisible by m is investigated; such an m will be called a "Wilson number". It is shown that numbers in certain infinite classes cannot be Wilson numbers. Eight new Wilson numbers up to 500 million were found.
Introduction
One of the most classical and celebrated theorems in number theory is Wilson's Theorem (see, e.g. [5] or [11] ):
Theorem 1.1 (Wilson's Theorem). If p is a prime, then
It is particularly attractive since, together with its converse due to Lagrange, it characterizes the primes. Also, it allows us to introduce special quotients which are integers. These objects have been extensively studied (see, e.g., [5] , [9] , [10] , or [11] ). The first two Wilson primes are 5 and 13. Goldberg (1953) discovered the third Wilson prime 563, and subsequent searches by various authors showed that there are no other such primes below 5 × 10 8 (see [4] , [6] , [7] , [11] , and [12] ). It is the aim of this paper to investigate analogs of the quotients w p for composite moduli. Our generalization is based on the following classical theorem. This theorem was first stated by Gauss who gave an outline of a proof (see [5] , p. 65). Note that m = −1 if and only if m has a primitive root.
The theorem enables us to introduce generalized Wilson quotients for arbitrary integers m ≥ 2. Although they have occurred in the literature, they have so far not been studied in any great detail.
In Section 2 we investigate these quotients and mention some extensions of results of E. Lehmer [10] . Section 3 is devoted to the composite Wilson numbers. Some congruences concerning generalized Wilson quotients are derived; they are useful in the search for Wilson numbers.
In Section 4 we study the values of generalized Wilson quotients mod 3 for integers 3m and 9m, where m is a squarefree integer ≥ 2 with all prime divisors congruent to 2 mod 3. Finally, Sections 5 and 6 deal with the actual search for Wilson numbers.
Wilson quotients for composite moduli
On the basis of Theorem 1.2 (Wilson's Theorem for composite moduli) we will define the Wilson quotient for arbitrary integers m ≥ 2. We will now derive some basic congruences, analogous to the known congruences for Wilson quotients with prime moduli. First we need another definition. Note that by Euler's Theorem, this quotient is an integer. It was first studied by Lerch [9] ; for further properties, see [2] . The two quotients just defined are related by the following fundamental congruence. For m = p (an odd prime) this congruence is due to Lerch [9, (4) ].
Proof. Using the definitions of P (m) and the Euler quotients, we have
(1 + mq(a, m))
On the other hand, we get
and the result follows.
Proposition 2.2. For integers m ≥ 3 and t ≥ 1 we have
Proof. We use the definition of q(a, m),
and sum over the a's to get
by Proposition 2.1.
For another expression of the right-hand side in Proposition 2.2 we need the following result due to Agoh [1, 3.1] . Here and in what follows, B i denotes the ith Bernoulli number (in even-index notation).
Proposition 2.3 (Agoh). For positive integers m and n we have
where
(with the product taken over all prime divisors p of m).
Notation. Let t and m be integers, t ≥ 1, m ≥ 3. For 1 ≤ i ≤ tφ(m) + 1 set
Note that for i even we have M i = 0 and since 1 n + 1
for positive integers i, n with i ≤ n + 1, we get from Proposition 2.3
Proposition 2.4. For integers m ≥ 3 and t ≥ 1 we have
Proof. Let p be a prime dividing m, and 5 ≤ i ≤ tφ(m) + 1, i odd. Let ord p m denote the highest power of p dividing m. Put ord p m = α, ord p i = β. Then α ≥ 1 and β ≥ 0. We want to show that ord
Next we wish to determine under which conditions the term M 3 can be omitted. We use the following lemma. Lemma 2.1. Let m ≥ 3 and t ≥ 1 be integers.
(b) In all other cases of m and for a prime p | m we have
Proof. It is easy to see that statement (a) is true. Now let p be a prime and α = ord p m ≥ 1. Then for p = 3 we have
Let p = 3. If α ≥ 2, then ord 3 M 3 ≥ −2 + 3α ≥ 2α. Suppose now that α = 1; there exists a prime P such that P ≡ 1 (mod 3) and P | m. 
Remarks. (a) The above congruence can be considered to be the analogue for composite moduli of the congruence
for an odd prime p, mentioned by E. Lehmer [10, (25) ].
(b) The congruence in Propostion 2.4 for m = p ≥ 5 (p an odd prime) gives us congruence (24) in the paper [10] of E. Lehmer. (Note that there is a mistake in this paper: for p = 3, t ≥ 4 with t ≡ 1 (mod 3) congruence (24) in [10] does not hold; according to Proposition 2.5 we have M 3 ≡ 0 (mod 3 2 )).
Wilson numbers
As we remarked in the introduction, we have W (p) ≡ 0 (mod p) for p = 5, 13 and 563, but no other such "Wilson prime" was found up to 5 × 10 8 . It is now natural to ask which composites m satisfy W (m) ≡ 0 (mod m), m ≥ 4. We call such numbers "Wilson numbers". The problem is similar to that concerning the Wieferich numbers (see [2] ), but it appears to be more difficult. While the Wieferich numbers have been completely characterized in [2] , no such characterization was found for the composite Wilson numbers. Moreover, Kloss [8] The main purpose of this section is to derive a number of congruences for Wilson quotients, some of which will facilitate the search for further composite Wilson numbers.
Now let p n m be a given modulus, with p a prime and m and n positive integers, p m, n ≥ 2. We use the fact that p n m and pm have the same set of prime divisors. Now 
where the second sum ranges over all a, b with 1 ≤ a < b ≤ p n−1 m and (a, pm) = (b, pm) = 1. Since P (p n m) has to be evaluated modulo p 2n m 2 , the reciprocals are understood as reciprocals modulo p 2n m 2 . So we may write
By means of this and the following lemmas we will now evaluate the right-hand side of congruence (3.1).
Lemma 3.1. If p is a prime and m and n are positive integers with p m and n ≥ 2, then
where δ = 0 when p ≥ 5, and δ = 1 for p = 2 or 3.
Proof. We use Proposition 2.3 with n and m replaced by n = φ(p 2n m 2 ) − 1 and m = p n−1 m, respectively. Since n is always odd, the first and third terms on the left-hand side of the congruence in Proposition 2.3 are zero. The second term, divided by n + 1 = φ(p 2n m 2 ), is
First, let p ≥ 5. Since n − 1 ≡ 0 (mod p − 1), B n −1 is p-integral by the von Staudt-Clausen Theorem. Hence A is divisible by p 2n−2 . Also, since 1 − p n −2 is even and m B n −1 is m -integral, we have A ≡ 0 (mod m), which proves the lemma for p ≥ 5. The same argument holds for p = 3, with the difference that 3B n −1 is 3-integral, hence we have δ = 1 in this case. We can deal with p = 2 in a similar way. Noting that all further terms on the left-hand side in Proposition 2.3 are divisible by p 2n−2 m (again by the von Staudt-Clausen Theorem), we see that the lemma holds. Proof. If p = 2, then all the terms in the sum are odd, and there are
, where φ(m) is even. So the number of terms is even for n ≥ 3, which proves the lemma for p = 2 and n ≥ 3.
For p ≥ 3 we use the identity
By Lemma 3.1, the first term on the right-hand side is divisible by p for n ≥ 1. For the second term we use Proposition 2.3 again, this time with n = φ(p 2n m 2 )− 2 and m = p n−1 m replacing n and m, respectively. Then the first term in the equation in Proposition 2.3, divided by n + 1, becomes
As in the proof of Lemma 3.2 we see that for p ≥ 5 and n ≥ 2 this term is divisible by p, while for p = 3 that is true only for n ≥ 3. Finally, we note that all other terms on the left-hand side of the equation in Proposition 2.3 are divisible by p. This completes the proof. 
Proof. By Lemmas 3.1 and 2.2 it is clear that in all three cases the congruence (3.1) reduces to
We note that in all the allowable cases we have p n m = p n−1 m ; we denote this common value by . Now with Definition 3.1 we get
For p ≥ 3, this reduces to
which implies the result. In the case p = 2 we have = 1; hence from the above congruence we obtain
We now show that W (4m) is always even for odd m ≥ 3. Indeed, P (4m) can be written as a product of φ(4m)/4 terms of the form
for odd j with (m, j) = 1. Since m + j is even and j 4 ≡ 1 (mod 8) for odd j, each of the terms is ≡ 1 (mod 8) and so is their product, i.e., P (4m) ≡ 1 (mod 8). But then, W (4m) will be even.
Finally, using induction with (3.2), we see that W (2 n m) is even for all n ≥ 2 and all odd m ≥ 3. This shows that the second term on the right-hand side of (3.2) vanishes (mod 2 n−1 m), which proves the proposition for p = 2.
In the last proof we saw that W (2 n m) is always even for n ≥ 2 and for odd m ≥ 3. The following lemma deals with the case n = 1. Proof. P (2m) can be written as a product of φ(2m)/2 terms of the form j(2m−j) = 2mj−j 2 . Since m and j are odd, all these terms are ≡ 1 (mod 4), and so P(2m) ≡ 1 (mod 4). Now, if m is not a prime power, then 2m = 1, and we see that W (2m) will be even. Otherwise, 2m = −1 and W (2m) = (P (2m) + 1)/2m ≡ 1 (mod 2).
The next result deals with some cases not covered by Proposition 3.1.
Proposition 3.2. The following congruences hold:
(a) For integers n ≥ 4,
In particular, for all n ≥ 1,
(b) Let m ≥ 3 be an odd integer. If m is not a power of a prime, then
If m is a power of a prime p, then
(c) For integers m ≥ 1 with 3 m,
If in addition m has a prime factor q ≡ 1 (mod 3), then
Proof. (a) We use (3.1) with odd m and p = 2. Lemma 3.1 gives, for n ≥ 2,
Letting m = 1 and noting 2 n = 2 n−1 = 1 we can deduce the first congruence. By induction we see
(b) We set n = 2 in (3.3) and let m ≥ 3 be an odd integer. Note that 2m = m , while 4m = 1 always. Hence (3.3) becomes
2 ), which gives
If m is a prime or a power of a prime, then m = −1 and we immediately get the assertion. Otherwise m = 1 and by Lemma 3.3 and the remark preceding it we have W (4m) ≡ W (2m) (mod 2), which shows the first congruence. Now suppose that m = p n , where n is a positive integer and p an odd prime. Using Proposition 3.1 we have for p ≥ 5 and n ≥ 2,
and for p = 3, n ≥ 3,
So we may suppose n = 1, hence m = p. Then
If k is odd, then 9 + 3 · 8k 2 ≡ 1 (mod 16) and if k is even, then 9 + 3 · 8k 2 ≡ 9 (mod 16), and the third part of (b) follows.
(c) We use (3.1) with p = 3, p m, and n = 2. Then by Lemma 3.1,
Note that 9m = 3m for all m ≥ 1. Using this congruence we obtain the first assertion. Finally, if m has a prime factor q ≡ 1 (mod 3), then Lemmas 3.1 and 3.2 can be improved. Indeed, the Euler factor of A in the proof of Lemma 3.1 is now divisible by 3 and therefore Lemma 3.1 holds with δ = 0. Similarly, the appropriate Euler factor in the proof of Lemma 3.2 is divisible by 3. Hence Lemma 3.2 holds for p = 3 and n ≥ 2, and so does Proposition 3.2 in this case. 
Corollary 3.1. (a)
If p n is a Wilson number, where p is a prime and n a positive integer, then p r is a Wilson number for all 1 ≤ r ≤ n. (b) No prime power p n , where n ≥ 1 and p < 5 × 10 8 , p = 5, 13, 563 can be a Wilson number; 5 N , 13 N and 563 N are not Wilson numbers for any integer N ≥ 2. (c) No number of the form 2p n , n ≥ 1 and p an odd prime, can be a Wilson number. Proof. (a) For p = 2, this follows from Proposition 3.2 (a). For p = 3, we use Proposition 3.1 with m = 1 and note that W (9) ≡ 6 (mod 9). For p ≥ 5 we use again Proposition 3.1. (b) By direct computation we see that 5 2 , 13 2 and 563
Wilson quotients W (3m) and W (9m)
In this section we will refine the results of Proposition 3.2 for certain integers m and consider the question whether W (3m) or W (9m) can be Wilson numbers. Recall that by Proposition 3.1 it is (essentially) sufficient to consider squarefree moduli. Here we will only consider squarefree integers m ≥ 5 with all prime divisors congruent to 2 modulo 3.
First we need a result which is related to the "inclusion-exclusion principle". It can be proved, e.g., by induction on k.
Lemma 4.1. Let C be a finite set of nonzero complex numbers, k ∈ N, and A 1 , . . . , A k ⊆ C. Let K = {1, 2, . . . , k}, and for X ⊆ K put
Note that as usual |X| denotes the number of elements of the set X, and concerning the empty set ∅ we let x∈∅ x = 1 and i∈∅ A i = C by convention. We introduce the following notation. For a nonnegative integer h put
h (mod 9), and Q 2 (h) = −1.
Lemma 4.2. Let h be a nonnegative integer and p
(If h = 0, then {p 1 , . . . , p h } = ∅ by convention, and N = 1.)
Proof. We write N = w + 3U, where U ≥ 0 is an integer and w = 1 or w = 2 (if h = 0, p 1 · · · · · p h is understood to be 1). It is obvious that h is even if and only if w = 1. Also, if 2 ∈ {p 1 , . . . , p h }, then h is even if and only if U is even; in the case 2 ∈ {p 1 , . . . , p h } h is even if and only if U is odd. Now we have
where D 1 (w) is an integer satisfying
where the integer D 2 (w) satisfies
For the remainder of this section we assume that k ≥ 1 is an integer, p 1 , . . . , p k are different primes, p i ≡ 2 (mod 3) for each 1 ≤ i ≤ k, m = p 1 · · · · · p k , K = {1, 2, . . . , k}, and for X ⊆ K π(X) = i∈X p i , π(∅) = 1, Proof. If 2 ∈ {p i : i ∈ K}, then η(X) = 0 for each X ⊆ K. Suppose now that 2 = p j for some j ∈ K. Then
Lemma 4.5.
|X| ≡ 7 (mod 9) for u = 1, 1 (mod 27) for u = 2.
Proof. By definition of the Q u (h) we have
since (−1) k 2 k ≡ 4 (mod 6), and 
Using Lemma 4.3 we get X⊆K π(X)
Lemmas 4.4 and 4.5 now complete the proof.
From this we will determine W (3m) and W (9m) (mod 3). Since 7 2 ≡ 4 (mod 9), 7 3 ≡ 1 (mod 9) and 10 2 ≡ 19 (mod 27), 10 3 ≡ 1 (mod 27), the values P (3m) (mod 9) and P (9m) (mod 27) depend on the values of a and b mod 3. In fact, we have P (3m) ≡ 7 (mod 9), P (9m) ≡ 1 (mod 27) when b ≡ a (mod 3), P (3m) ≡ 1 (mod 9), P (9m) ≡ 10 (mod 27) when b ≡ a + 1 (mod 3), P (3m) ≡ 4 (mod 9), P (9m) ≡ 19 (mod 27) when b ≡ a + 2 (mod 3). Now since mW (3m) = P (3m) − 1 /3 and mW (9m) = P (9m) − 1 /9, we have mW Finally in this section, we determine W (9p) (mod 9), where p is a prime, p ≡ 2 (mod 3). In fact, since we are interested in finding Wilson numbers, we may restrict our attention to p ≡ 8 (mod 9) (since necessarily a = b = 0; see Theorem 4.2 (c)) or, which amounts to the same, p ≡ −1 (mod 18). Proof. We have, with J := 3j + 1,
where indicates that the term belonging to j = (2p − 1)/3 is omitted from the product. We now expand the last expression and use the facts that p ≡ −1 (mod 9) and 27j 3 ≡ 27j (mod 81). Then
The complete product (i.e., including the term for j = (2p − 1)/3) is congruent to
since p ≡ −1 (mod 9). Now since 35 18 ≡ 1 (mod 81), we obtain in all three cases 35 p−1 ≡ 35 16 ≡ −8 (mod 81), thus the product is congruent to −8 · 17 ≡ 26 (mod 81). Next we consider the omitted term for j = (2p − 1)/3 which turns out to be 35 − 6p + 12p 2 ≡ 26, −1, or 53 (mod 81) for p ≡ 8, −10, or −1 (mod 27), respectively. Hence
for p ≡ 8 (mod 27), 26/(−1) ≡ 55 (mod 81) for p ≡ −10 (mod 27), 26/53 ≡ 28 (mod 81) for p ≡ −1 (mod 27).
we finally obtain the assertion.
An immediate consequence of the last two theorems is the following Corollary 4.2. Let p be a prime, p ≡ 2 (mod 3). Then a necessary condition for 9p to be a Wilson number is that p ≡ 35 (mod 54).
Some congruences involving Fermat quotients
Proposition 2.1. exhibits a close connection between the generalized Wilson quotients and the Euler quotients (which are in fact generalized Fermat quotients) modulo composite integers m. In this section we will derive congruences connecting W (m) with Fermat quotients of prime moduli, and derive some easy consequences. These proved to be particularly helpful in the search for Wilson numbers.
Theorem 5.1. Let p be an odd prime and m > 2 an integer not divisible by p. Then
where the sum is taken over all primes r that divide m.
Proof.
n (mod p 2 ); this follows from an argument similar to that around (3.1). Therefore
by a well-known relation between the functions µ(n) and φ(n). Next we use the identity
where the right-hand product is taken over all primes r dividing m. To show this, we fix a prime divisor r of m and write m = r α m , with (m , r) = 1. Let N be the highest power of r dividing the left-hand side of (5.4). Since
where the last equality follows from the basic properties of the φ-function. This proves (5.4). Now, (5.2)-(5.4) and the definitions of the Wilson and Fermat quotients give
Using the fact that (1 + pq p (r))
Subtracting 1 and dividing by −p, we obtain (5.1).
The following immediate consequences will be useful in the search for Wilson numbers.
Corollary 5.1. Let p and r be two distinct odd primes. Then 
Remarks on computation
In this last section we will make some remarks concerning computations or, to be more specific, the search for further composite Wilson numbers. In summary, we need only check the following numbers m:
-squarefree numbers with two or more prime factors.
-numbers of the form 4p, where p ≥ 11 is a prime, p ≡ 1 or 3 (mod 8).
-numbers of the form 9m , where the prime factors of m are all ≡ 2 (mod 3) and the number of prime divisors ≡ 2 (mod 9) is congruent (mod 3) to the number of prime divisors ≡ 5 (mod 9).
In the actual search, we found it advantageous to do the following separate calculations.
1. All squarefree integers with at least two different prime factors, excluding integers of the form 2p (which can never be a Wilson number), 3p, 5p, 7p, as well as 6p, 10p, and 14p, where p is a prime.
The given squarefree number n is factored, and then the right-hand side of (5.1) is evaluated, where the smallest odd prime factor of n is used as initial p. If this expression is ≡ 0 (mod p), n cannot be a Wilson number. However, if it is divisible by p, then the next larger prime factor of n is used as new p, and so on, until the expression in question is ≡ 0 (mod p). If it is divisible by p for all odd prime factors p of n, then n has to be a Wilson number (recall that W (2m) ≡ 0 (mod 2) whenever m is composite).
Since the Wilson quotient W (p) is the most expensive part to compute, all values of W (p) (mod p) for p < 10 5 were stored for easy look-up, while for p > 10 5 , W (p) (mod p) was computed using a program made available to us by Richard Crandall who had also developed the underlying algorithm; for detailed descriptions, see [3] or [4] , 2. Numbers of the form 9m , with m as defined earlier in this section. Excluded from this calculation were those m that are of the form p and 2p (p prime). The mechanics of the calculation are similar to part 1.
3. All the remaining cases, namely numbers of the form 3p, 4p, 5p, 6p, 7p, 9p, 10p, 14p, and 18p, for primes p, were treated separately from cases 1 and 2. Here, W (p) was computed only once and the value was used for all these cases, as described below.
(a) First we consider the cases rp, with r ∈ {3, 5, 7}. We use Corollary 5.1(a) with the roles of r and p interchanged, and we observe that W (3) = 1, W (5) = 0, and W (7) ≡ 5 (mod 7). Also, q r (p) (mod r) depends on p (mod r 2 ) and is easily computed. (It is also easy to see that q r (p) (mod r) takes on each of the values 0, 1, . . . , r − 1 exactly r − 1 times as p traverses a reduced residue system modulo r 2 . This follows, e.g., from the congruence
where p = ar + b, 1 ≤ b ≤ r − 1; see [9] ). This leaves r − 1 residue classes modulo r 2 for p to be checked, namely those for which W (pr) ≡ 0 (mod r). These are recorded in Table 2 , along with the right-hand side of the corresponding congruence of Corollary 5.1(a). We note that q 3 (2) = 1, q 5 (2) = 3, and q 7 (2) ≡ 2 (mod 7), and we record in Table 2 the residue classes for p (mod r 2 ) for which (6.1) is ≡ 0 (mod r), along with the corresponding right-hand side of the congruence in Corollary 5.3.
(c) The cases 4p and 9p. These are dealt with in Corollary 5.2; they are also summarized in Table 2 .
(d) Finally we note that by Theorem 4.2(c), 18p cannot be a Wilson number unless p ≡ 5 (mod 9). Also, Theorem 5.1 gives −6W (18p) ≡ 2W (p) + 2q p (2) + q p (3) (mod p); this provides the last entry of Table 2 .
For each prime p occurring in the second column of Table 2 , the expressions in the third column of Table 2 were computed. We actually recorded all those cases for which the expressions were less than 1000 in absolute value, in order to get some output and opportunities to check the calculations.
As rp reached 5 × 10 8 (for r ∈ {3, 4, 5, 6, 7, 9, 10, 14, 18}), the corresponding rows in Table 2 were removed from consideration, until for 10 8 < p < 1.25 × 10 8 , W (p) needs to be computed only for p ≡ 1, 3 (mod 8) and p ≡ 1, 5 (mod 9), and for 1.25 × 10 8 < p < 5/3 × 10 8 we need W (p) only for p ≡ 1, 5 (mod 9). The computations were done at Dalhousie University on a network of 8-10 SPARCstations of varying speeds. Cases 1 and 2 were quickly dealt with: One processor was able to search an interval of length approximately 13 million (near 5 × 10 8 ) in 24 hours. Case 3, however, was substantially slower, due to the necessity of computing W (p) for rather large primes p; near 10 8 , the fastest machine took 24 hours to search through the relevant primes in an interval of length approximately 460,000.
To conclude, we mention that a rough heuristic argument suggests that the expected number of Wilson numbers below a given limit N should be approximately (6/π 2 ) log N. Thus, for N = 5×10 8 we get 12.18, while exactly 12 Wilson numbers (including the 3 Wilson primes) have been found. This argument is based on the unproven assumption that the values of W (m) are uniformly distributed modulo m, and on the well-known fact that the proportion of square-free numbers among all positive integers is asymptotically 6/π 2 .
